A Galerkin-type approach is presented and numerically validated for the vibration analysis of non-local slender beams with multiple cracks, in which a hybrid gradient elasticity (HGE) model accounts for the microstructural effects. It is shown that: i) a smoother and more realistic profile of beam's rotations is obtained at the damaged locations; ii) independently of support restraints and damage scenarios, only four boundary conditions are required, meaning that the computational effort does not increase with the number of cracks; iii) the microstructural effects become significant when the modal wave lengths are less then about forty times the HGE length-scale parameters.
each node would be required in comparison to the classical elasticity.
48
In order to overcome these problems, a Galerkin-type approximation is proposed for the transverse vibration ana- Resorting to the model recently proposed by the same authors for the static analysis of beams with HGE [4], the constitutive law can be expressed as:
where the prime ( ) represents the derivative with respect to x; M(x) is the bending moment (positive if sagging); Using the discrete-spring (DS) model for concentrated damage, the flexibility function Γ(x) in Eq. (1) can be written as:
where Γ 0 is the bending flexibility of the undamaged section; while the function F b (x) includes the effects of the n cracks through Dirac's delta functions δ(x −x i ) centred at each damage positionx i :
in which the dimensionless parameter β i quantifies the severity of the crack and can be related to the rotational stiffness K i of the DS as [5] :
Eq.
(1) can be solved by imposing two boundary conditions (BCs) on the first derivative of the non-local curvature, • ∆x = x r+1 − x r = L N , for the cantilever beam.
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The approximate expressions for the time-dependent bending moment M * (x, t), curvature χ * (x, t) and displacement u * (x, t) can then be represented as linear combinations of a set of N shape functions:
where θ 
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It is worth noting here that using these shape functions leads to similar shear force and bending moment diagrams
91
(piecewise constant and piecewise linear, respectively) as in the classical EB beam finite element (FE), where the 92 cubic shape functions for the displacements, differentiated two and three times, correspond to linear M and constant
93
V diagrams in each FE, without compromising the accuracy in terms of modal frequencies and modal shapes. 
Definition of stiffness matrix and mass matrix
For an ideal elastic system without energy dissipation, the N Lagrange's equation of motion can be written as
where θ (r) (t) andθ (r) (t) are the generalised displacements and velocities, respectively; while L(t) is the so-called Lagrangian function, defined as the difference between the kinetic energy T (t) and the potential energy V(t):
which can be evaluated as:
where ρ is the mass density of the material and A is the cross sectional area; while the external work is:
By using the approximate expressions of the field variables of Eqs. (5), the different forms of energy can be rewritten as:
After some algebra, substitution of Eqs. (10) into Eq. (6) yields to a system of ordinary differential equations, which can be posed in a compact matrix form as:
where θ(t) = {θ
(t)} is the array of the Lagrange variables (the superscripted symbol being the transpose operator);
(t)} is the array of the equivalent external loads, where the rth element is given by:
while K and M are the stiffness and mass matrices respectively, whose elements (rth row and sth column) are so defined:
2.3. Eigenvalue problem
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In order to investigate the free vibration of multi-cracked HGE beams, Eq. (11) is studied without any external force, i.e. with F(t) = 0:
whose ith harmonic solution θ i (t) depends on the natural circular frequency ω i and the associated array a i = a
containing the generalised coordinates of the ith modal shape of the beam (i = 1, · · · , N):
Substituting Eq. (16) into Eq. (15) leads to the generalised eigenproblem:
Once the eigenvector a i is known, the ith modal shape can be expressed as:
where
(x) is the N-dimensional array of the shape functions introduced to approximate the 97 solution. Table 1 summarises the key steps needed for the implementation of the proposed approach. 
Numerical examples

99
The dynamic analysis of three cracked non-local beams with different BCs has been carried out with the compu-100 tational software Mathematica [27] . To the authors' best knowledge, the exact analytical solution is not yet available 
111
For the sake of generality, the results are presented as much as possible in terms of dimensionless quantities, e.g.
112
the ratio ω i /ω i,loc between the ith frequency of the non-local beam and the ith frequency of the classical (local) one. Following the procedure summarised in Table 1 Interestingly, one can observe that for ε < σ the modal frequencies reduce, i.e. ω i < ω i,loc , meaning that the HGE 142 beam is less stiff than the local counterpart; the opposite happens for ε > σ , as in this case the modal frequencies 143 increase, i.e. ω i > ω i,loc . More generally, for a given value of the stress-gradient length-scale parameter σ , the larger 144 | ε − σ |, the more significant tends to be the variation in the modal frequencies.
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Additionally, for a given set of length-scale parameters { ε , σ }, the higher the mode of vibration, the larger tends In order to check the efficiency of the proposed method, the convergence of the frequency error against the number of shape functions has been investigated. Since the exact dynamic solution of the cracked hybrid non-local beam model is not available, the frequency obtained using a higher number of shape functions (N = 64) has been assumed as a reference value for this study. The dimensionless measure of frequency error for the ith mode has been defined as:
, and the trend of ε i (N) is shown for the first four modal frequency as part of Figure 8 .
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First of all, one can observe that the relative error assumes values lower than 2% for all the cases investigated,
178
where the number of elements range from 6 to 64 elements, and this can then be considered as highly acceptable 179 in most engineering simulations. Furthermore, all the graphs show the convergence to the reference solution for an 180 increasing number of shape functions. In particular, the relative error of the first three modal frequencies is already 181 lower than 1% when six shape functions are adopted, whereas for the fourth frequency it reduces from 2% to 1% with 182 N = 16. Interestingly, the error does not decreases monotonically for the third and fourth modal frequency, due to 183 the fact that increasing the number of dummy point loads N generally results in different shape functions being used,
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rather than to an enlargement of the set of shape functions, unless the interval ∆x is consecutively split into an integer 185 number of smaller intervals (e.g. ∆x/2, ∆x/4, etcetera). However, for this example it is clear that using 16 points (i.e. As in the previous example, the first four modal frequencies of the HGE beam have been computed and compared
193
with those of the classical elasticity, whose values are given in Table 3 . 
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It is worth stressing here that these diagrams are qualitatively similar to those that are typically obtained when the 
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Concluding remarks
259
In this paper, a new meshless method has been proposed for the computational dynamic analysis of multi-damaged (FE) modelling of slender beams with classical (i.e. local) elasticity; iii) due to the adopted flexibility model, which 266 treats the cracks as concentrated inhomogeneities, the size of the computational problem is independent of the number 267 n of cracks, and only depends on the number N of shape functions being used.
268
The adopted HGE beam model includes two length-scale parameters for the strain ( ε ) and the stress ( σ ), which reference case where ε = σ > 0, which corresponds to the classical (i.e. local) elasticity theory solution.
272
The results have highlighted how the microstructural effects are more relevant at higher frequencies and how 273 these effects are related to the modal shape's wave length over length-scale ratio, i.e. they start to be significant 
